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STABILITY OF TiO-FLUID WHEEL FLOWS 

by E l i  Reshotko* and C a r l  F. Monnin 

Lewis Research Center 

SUMMARY 

The s t a b i l i t y  of an incompressible two-fluid wheel flow t o  inf in i tes imal  
h e l i c a l  disturbances i s  considered f o r  the case where the inner f l u i d  is  heavy 
and the  outer f l u i d  is l i g h t .  This s i tua t ion  may be viewed as a Rayleigh- 
Taylor problem i n  the frame of the ro t a t ing  f l u i d  and i s  dynamically unstable.  
A s  the density r a t i o  of inner t o  outer f l u i d  increases, the calculated growth 
r a t e s  increase and approach a l imit ing value as the  density r a t i o  becomes in- 
f i n i t e .  Growth r a t e s  a l s o  increase with increasing a x i a l  as wel l  as  azimuthal 
wave number. Furthermore, the presence of a f ixed boundary outside the  l i g h t  
f l u i d  tends t o  have negl igible  influence on the growth rates as the density 
r a t i o  becomes very large.  

, INTRODUCTION 

In  some of the  proposed gaseous nuclear rocket schemes, vortex containment 
i s  suggested f o r  the  maintenance of a c r i t i c a l  mass of f iss ioning gaseous f u e l  
with minimal losses  ( r e f s .  1 t o  3 ) .  The present study is based upon Evvard's 
concept of the wheel-flow reactor  ( r e f .  3 ) .  I n  t h i s  reactor  concept, a core of 
heavy f i ss ioning  gas i n  solid-body ro ta t ion  i s  surrounded by an outer l i g h t  gas 
coolant a l so  i n  solid-body ro ta t ion  a t  the same angular velocity.  Further 
description of the  hydrodynamic, nucleonic, and heat- t ransfer  aspects of the 
wheel-flow reactor i s  given i n  reference 3. 

Unfortunately, the steady-state two-fluid wheel f l o w  of a heavy gas core 
surrounded by a l i gh te r ,  outer gas i s  unstable. The nature of t h i s  i n s t a b i l i t y  
i s  the  subject of t h i s  report .  

The s t a b i l i t y  of  ro t a t ing  flows i s  considered i n  d e t a i l  by Chandrasekhar 
( r e f .  4),  but the reported treatments of wheel flow a re  l imited t o  a s ingle  
f l u i d  i n  a bounded geometry. On the  other hand, Chandrasekhar a l so  considers 
the Rayleigh-Taylor s t a b i l i t y  problem f o r  a s t r a t i f i e d  but  nonrotating flow. 
O f  i n t e r e s t  here i s  the combination of these two cases which may i n  f a c t  be 
viewed a s  a Rayleigh-Taylor problem r e l a t i v e  t o  the  r.otating f l u i d .  
w a s  also pointed out by Melcher ( ref .  5 )  i n  h i s  general  formulation f o r  
electrohydrodynamic waves i n  ro t a t ing  systems. 

This f a c t  

The wheel flow t r ea t ed  herein w a s  ideal ized t o  f a c i l i t a t e  obtaining s o h -  
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Figure 1. - Effect of viscosity on growth rates of infinites- 
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Figure 2. - Geometry of two-fluid wheel flow. 

t ions ;  it consisted of two incompressible, immiscible f l u i d s  separated by a 
cy l indr ica l  interface.  While the  time-independent wheel flow i s  compatible 
with the  complete Navier-Stokes equations including e f f ec t s  of viscosi ty ,  the  
viscous e f f ec t s  were omitted i n  t h i s  treat,ment of the  s t a b i l i t y  of the  config- 
uration. While t h i s  i s  a serious omission, t he  results yielded by t h i s  s i m -  
p l i f i c a t i o n  a re  l i k e l y  t o  be pessimistic.  
(ref. 4) f o r  ro t a t ing  f lu ids  and a l so  by Bellman and Pennington ( r e f .  6 )  i n  
t he  case of t he  Rayleigh-Taylor problem, the  e f f e c t s  of v i scos i ty  on the  growth 
r a t e s  of in f in i tes imal  disturbances tend t o  be as i n  f igure  1. The sa l i en t  
e f f ec t  of v i scos i ty  i s  a severe diminuation of t he  growth r a t e  of short  wave- 
length disturbances such t h a t  the  maximum growth r a t e  occurs a t  some f i n i t e  
axial  wavelength. The r e s u l t s  obtained herein should be reasonably correct i n  
the  long wavelength l i m i t .  The e f f ec t  of azimuthal wave number on the  growth 
r a t e  w i l l  suggest whether large or s m a l l  core fragments tend t o  break awaymore 
rap id ly  . 

A s  pointed out by Chandrasekhar 

BASIC FLOW 

The geometry of the two-fluid wheel f l o w  i s  shown i n  f igure 2.  The problem 
is  most conveniently handled i n  cy l indr ica l  coordinates. 
coordinate is directed in to  the paper. The inner f l u i d  is given the  subscript  
1, while the  subscr ipt  2 r e f e r s  t o  the outer f l u id .  
i s  a t  radius a. The outer boundary a t  radius R bounds the outer f l u id .  

The a x i a l  or z -  

The interface between them 

The ideal ized basic f l o w  i s  considered herein t o  be only azimuthal and 
so le ly  a function of the r a d i a l  coordinate. The following equations a r e  the  
per t inent  continuity and momentum equations, respectively: 
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( A l l  symbols are defined i n  appendix A. ) 
r; a r2 
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Figure 3. - Pressure distribution for inner The general solut ion for  azimuthal veloci ty  
f luid densitygreater than outer f luid density. obtained from equation ( lc ) i s  

The wheel flow V = Qr is  the  per t inent  solut ion fo r  the inner f lu id .  If the 
outer boundary i s  assumed t o  r o t a t e  a t  veloci ty  m, then V = Qr is  the  com- 
p l e t e  solut ion and is compatible with the Navier-Stokes equations including 
viscosi ty .  The pressure d i s t r ibu t ion  i n  the wheel flow from solut ion of equa- 
t ion  ( l b )  i s  

For a heavy f l u i d  core surrounded by a l i g h t  f lu id ,  the i n e r t i a l n a t u r e  of the 
i n s t a b i l i t y  i s  apparent from the  pressure d is t r ibu t ion  f o r  pl> p2 ( f i g .  3 ) .  

If an element of heavy f l u i d  f rom j u s t  inside the interface (r* = r;) is  d i s -  

placed t o  j u s t  outside the  in te r face  (r* = r 2 )  while conserving i ts  angular 

momentum, a pressure gradient dp*/dr*= p l / r l  [V;(r”,r;)I2 (represented by the  

dashed l i n e  i n  f i g .  3 )  i s  required fo r  r a d i a l  balance. However, the avai lable  

pressure gradient a t  rz i s  dp*/dr* = p 2 2  ( V  /r;) ( s o l i d  l i n e ) ,  which f o r  

wheel flow i s  p2/r;[Vr(rz/ry)] . 
ment 
pressure gradient inadequate for  r a d i a l  balance on penetrating the  interface 

* 

* 2  

2 
Thus i n  the l i m i t  of in f in i tes imal  displace- 

[($ - rT)/rT << 11 as long as p1/p2 > 1 the  heavy f l u i d  encounters a 
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and the  element -of heavy f l u i d  w i l l  continue i t s  motion outward. This behavior 
i s  charac te r i s t ic  of Rayleigh-Taylor i n s t a b i l i t i e s  .l 

FORMULATION OF STABILITY PROBLEM 

Disturbance Equations 

The equations governing i n f i n i t e s b l  disturbances a re  obtained from a 
l i nea r i za t ion  of the complete equations of motion about the assumed basic flow. 
A s  previously mentioned, only inv isc id  disturbance motions w i l l  be considered 
i n  t h i s  treatment. For the  basic wheel flow = Rr*,  t h e  disturbance equa- 
t ions  f o r  each of the f l u i d s  a re :  

Continuity : 

Momentum : 

- aw* aw* 1 aJ(* 

a t  de az* 
* + Q - =  - -- 

These equations may a l s o  be wr i t ten  i n  dimensionless form for  l a t e r  convenience. 
When the disturbance quant i t ies  and the  independent variables a r e  re fer red  t o  
the following reference values, 

h e  argument presented here pa ra l l e l s  t h a t  given by von Karman (see  Lin,  
r e f .  7 )  i n  support of Rayleigh's s t a b i l i t y  c r i t e r i o n  f o r  ro ta t ing  f lu ids .  The 
equivalent t o  Rayleigh's c r i t e r i o n  f o r  a s t r a t i f i e d  incompressible idea l  f l u i d  
( inv isc id  and not thermally conducting) i s  that the  flow configuration i s  
s tab le  if d / d r ( p V 2 r 2 )  > 0. The two-fluid wheel flow under consideration 
(p  /p > 1) is  c l ea r ly  unstable by t h i s  c r i t e r ion .  1 2  
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* 1 
tref = 5 

The following equations are the dimensionless disturbance equations: 

1 av aw (Tu) + - - + - = l a  - -  
r ar r de a~ 

aw aw ax 
at de aZ - + - = -  

Since the coefficients of equations (6) are independent of tJ 8 ,  and Z, 

q(r) is the equations allow disturbances of the form 
a complex disturbance amplitude, k and m are the axial and azimuthal wave 
numbers, respectively, and w is a complex frequency. The wave numbers k 
and m are real numbers; m is an integer. The real part of w is the rota- 
tional frequency of the disturbance flow, while the imaginary part W i  repre- 
sents the amplification rate. Disturbances are growing, neutral, or decaying 
according to whether mi is positive, zero, or negative, respectively. For 
the assumed disturbance form, equations (6) become 

q(r)e i( kz+me-wt ) , where 

N 

iww = ikrr 
N 

where primes denote differentiation with respect to r and LD Lu - m is 
related to the angular velocity of the disturbance pattern relative to the mean 
rotation.2 Thus , to an observer at a given axial location z and moving with 
the mean rotational velocity 9, the problem may be viewed as a Rayleigh-Taylor 

21n terms of dimensional quantities, q/m = e/t* - il where (@/t*) is 
the absolute angular velocity of the dLsturbance pattern. 
given axial station z , the quantity 
angular velocity of the disturbance pattern relative to the mean rotation. 
dimensionless angular velocity of the wave is simply 

To an observer at a 
'111. = (m/9)( O/t* - 9 )  is proportional to the 

The 
B/9t* = 1 + &/m. 
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problem with a cent r i fuga l  ra ther  than a g rav i t a t iona l  dr iving force.  

fiom equations (7b) ,  (7c) ,  and (7d) ,  t he  ve loc i ty  f luc tua t ion  amplitudes 
may be expressed i n  t e r m s  of 71: 

- m  2 n '  - Lu- r 
4 - ( u  -2 v =  

kn w = -- 
N 

cu 

Subst i tut ion of equations (8)  in to  the disturbance continui-by equation (7a )  
yields  the d i f f e r e n t i a l  equation fo r  the  pressure f luc tua t ion  amplitude: 

where 

The general so lu t ion  t o  equation ( 9 )  i s  any l i nea r  combination of Bessel 
functions of the  f i r s t  and second kind of the proper order and argument. The 
form used herein is  

where the first term i s  regular a t  t he  or ig in  while the second is regular a t  
in f in i ty ,  provided t h a t  t he  r e a l  pa r t  of M is pos i t ive  for  large values of 
u. 

In  the inner f lu id ,  the second term i s  inadmissable s o  t h a t  

In  the outer f l u id ,  the general  solut ion is  

71 2 = %Jm(ikc\r) -k B 2 H p )  (m) 

If the  outer boundary i s  a t  in f in i ty ,  the  coef f ic ien t  A2 must vanish as a 
consequence of the  proper s a t i s f ac t ion  of boundary conditions. 
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Boundary Conditions 

The boundary condition a t  r = 0 has alxeady been applied.  The remaining 
conditions a r e  that the  radial  ve loc i ty  must vanish a t  r = R and tha t  the 
r a d i a l  veloci ty  and normal s t r e s s  be continuous a t  the in te r face  
(r* = a ) .  These conditions a r e  t r ea t ed  consecutively. 

r = 1 

Radial veloci ty  u = 0 a t  r = R. - From equations ( s a )  and (13), 

o r  

where 

and 

A s  R approaches in f in i ty ,  A2 approaches zero, as seen from equa- 

Radial veloci ty  u1 = u2 a t  r = 1. - From equations (8a ) ,  ( 1 2 ) ,  (13), 

t i o n  ( 1 4 ) .  

~~~ ~ 

( 15 ) ,and (16) , t h i s  condition y ie lds  the following r e l a t i o n  between A1 and 
B2 : 

Continuity of normal force a t  in te r face .  - The sa t i s f ac t ion  of t h i s  
boundary condition is  accomplished by obtaining the sum of pressure plus cen- 
t r i f u g a l  forces fo r  each f l u i d  a t  the  displaced locat ion of the in te r face  and 
then equating these sums. 
a r e  involved, the force balance i s  car r ied  out i n  physical  var iables:  

Because two separate f l u i d s  with d i f f e ren t  dens i t ies  
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When squares of  disturbance quant i t ies  are dropped, the  l inear ized  form of 
equation (18) becomes 

The amplitude of t he  r a d i a l  interface displacement 5 is  obtained by a t i m e  
i n t eg ra l  of the  veloci ty  i n  the  ro ta t ing  frame; t h a t  is ,  

i u  5 = 7  w 

General Dispersion Relation 

A f t e r  the  appropriate subst i tut ions a re  made i n t o  equation (19), the  
following dispersion r e l a t ion  is obtained: 

-2 w 4 =  

where the am and functions a re  those defined i n  equations (15) and (16 )  
and A i s  defined i n  equation (10). The dispersion r e l a t ion  ( 2 1 )  i s  a complex 
equation. I n  f ac t ,  since the  complex unknown appears i n  the .arguments of 
the Bessel functions through 
probably bes t  obtained by an i t e r a t i v e  t r ia l -and-error  procedure. 
procedure has been employed t o  obtain numerical solut ions for a rb i t r a ry  complex 
frequencies where the Bessel functions f o r  a r b i t r a r y  complex arguments are 
evaluated by the method of reference 8 .  

A, solutions t o  the  dispersion r e l a t ion  (21) are 
Such a 

The dispersion r e l a t i o n  ( 2 1 )  has multiple rooks, not a l l  of which hzve 
physical s ignif icance.  
assumption regarding the posit iveness of-the r e a l  p a r t  of A that w a s  made i n  
choosing the Hankel function of the  f i r s t  kind €I&') 

function of the second kind €&2) 

This d i f f i c u l t y  arises pa r t i cu la r ly  because of the  

ra ther  than the Hankel 
for the  general solut ion (11). The appro- 
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p r i a t e  roots  of the  dispersion r e l a t ion  w i l l  be sor ted out by examination of 
various l imi t ing  solut ions of t he  dispersion r e l a t ion  (21) .  

Before proceeding, some remarks are i n  order on the e f f ec t  of the  outer- 
most boundary a t  r = R .  The boundary condition t h a t  u = 0 a t  r = R enters  
the  dispersion r e l a t ion  ( 2 1 )  through the N m ( R ) / j m ( R )  terms i n  the  f i r s t  group- 
ing of the  denominator of t he  r i g h t  s ide.  
r a t i o  p /p 

t h a t  term which has p1/p2 

becomes qui te  small. For t he  values of p1/p2 and R of i n t e r e s t  i n  wheel- 
flow reactors ,  the  s t a b i l i t y  charac te rs i t ics  are e s sen t i a l ly  those of the un- 
bounded configuration. The solut ions presented herein a re ,  therefore,  for t h e  
unbounded configuration R -+ 03. 

For large inner t o  outer-density 
>> 1, the f i r s t  portion of the denominator i s  s m a l l  compared with 1 2  

as i t s  coeff ic ient ,  and i t s  e f f ec t  on the  r e s u l t  
i s  very weak. Furthermore for l a rge  arguments ( W ) , D m ( R ) / j m ( R ) ]  e -2ldyi 

SOLUTIONS TO DISPERSION RELATION FOR UNBOUNDED CONFIGURATION 

For the  unbounded configuration, [am(R),&(R)] + 0 and the dispersion 
r e l a t i o n  ( 2 1 )  reduces t o  

I - -  1 
h 

h 

Solutions t o  dispersion r e l a t ion  ( 2 2 )  a re  obtained and discussed fo r  
a x i a l l y  symmetric disturbances ( m  = 0) and then for the  h e l i c a l  disturbances 
with f l u t e  number m d i f f e ren t  from zero. 

Axially Symmetric Disturbances 

For axially symmetric disturbances ( m  = 0),  equation (22)  becomes 

-2 w 

- - l)(..) 
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N 

I n  t h i s  par t icu lar  case w = w since m = 0. Solutions are now sought subject  
t o  the  condition t h a t  the  r e a l  p a r t  of A is  greater  than zero. Assume f o r  
the  moment t h a t  f o r  m = 0, A is real  and pos i t ive .  Then, the  bracketed 
r a t i o s  of Bessel functions i n  equation ( 2 3 )  are real  and posi t ive s o  t h a t  t he  
r i g h t  s ide  of equation ( 2 3 )  is real  but  always negative. Since the  l e f t  side 
of equation ( 2 3 )  is j u s t  
of & or purely imaginary values of w, which are obtained for 

S A 2 ,  a so lu t ion  is possible  for negative r e a l  values 

- - 1  
p2 

From the  def in i t ion  of 
A, > 0. Thus the a x i a l l y  symmetric disturbances may be described as standing 
waves (U+ = 0)  that  a r e  amplified (cui > O ) . 3  

A2, these a re  the  only admissible solutions with 

* Solutions t o  dispersion r e l a t ion  ( 2 3 )  were obtained (by hand calculat ion)  
fo r  density r a t i o s  p1/p2 of 2, 10, 100, and co. These r e s u l t s  a r e  shown i n  
f igure 4. 
growth rates increase w i t h  increasing densi ty  r a t i o .  
greater  than about 10, the r e su l t s  are not very d i f f e ren t  from those f o r  an 
i n f i n i t e  density r a t i o ,  which indicates  t h a t  a t  these density r a t i o s  the pres- 
sure i n  the  outer f l u i d  has negl igible  e f f e c t  i n  decelerating a displaced f l u i d  
element. For large a x i a l  wave numbers, t he  r e s u l t s  are w e l l  represented by the  
asymptotic s o l u t i o n t o  equation ( 2 3 )  f o r  la rge  
namely, 

A s  expected from the qua l i t a t ive  discussion i n  the  INTRODUCTION, t h e  
For density r a t i o s  p1/p2 

kA obtained i n  appendix B, 

and 

kA k =  

where 

3Both amplification ( m i  
possible.  Only the  possible 
ment of the  s t a b i l i t y  of the 

p 2  R = .. 

- -  PI 1 

> 0)  and decay 
amplification, 
configuration. 

( C u i  < 0) of the  disturbances a re  
however, i s  relevant t o  the assess- 
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Figure 4. - Growth rates of axially symmetric disturbances in un- 
bounded configuration. 

Solutions for very long wave- 
lengths k + 0 a r e  obtained a t  
f i n i t e  kA a t  the  value corre- 
sponding t o  the equal s ign i n  equa- 
t i o n  (24) .  Since kA f o r  a x i a l l y  
symmetric disturbances is  always 
greater  than 4, the solut ions (25)  
t o  ( 2 7 )  are good representations of 
the  r e s u l t s  of figure 4 fo r  a l l  
wave numbers and density r a t io s .  

Nonaxially Symmetric 

Disturbances 

For the  nonaxially symmetric 
disturbances, the dispersion r e l a -  
t i o n  ( 2 2 )  i s  solved numerically by 
t r ia l  and e r ro r  on an IPM 7094 c m -  

puter with the  per t inent  Bessel functions for a r b i t r a r y  complex arguments ca l -  
culated according t o  the  method of reference 8. The r e s u l t s  f o r  density r a t i o s  
2 ,  10, and 100 a re  shown i n  f igure  5. The numerical r e s u l t s  of these dens i t ies  
agree well with asymptotic solutions t o  dispersion r e l a t i o n  ( 2 2 )  i n  both the  
long-wavelength k + 0 and the  short-wavelength l i m i t s  (appendixes C and D, 
respect ively) .  

~ Limiting -~ solut ion f o r  long wavelength. - Long-wavelength solutions k + 0 
f o r  nonaxially symmetric disturbances are sought i n  the l i m i t  kA+ 0, despite 
the aforementioned r e s u l t  for m = 0. 
is  

The per t inent  solut ion (from appendix C )  

o r  

and 

where @ i s  defined i n  equation ( 2 7 ) .  This s o l u t i o n . s a t i s f i e s  the condition 
A, > 0 (appendix C ) . 

Limiting solut ion f o r  shor t  wavelength. - *om appendix D, the  leading 
terms of the  solut ion of the  dispersion r e l a t i o n  ( 2 2 )  i n  t h e  l i m i t  kA-, co are 
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where 

I n  these expressions, kA i s  a r e a l  number. Note t h a t  Cbj,O is independent of 
t he  f l u t e  number m and is  ident ica l  t o  the asymptotic r e s u l t  fo r  a x i a l l y  
symmetric disturbances. The dependence of C u i  on f l u t e  number m is  of higher 
order, as i s  the departure of kA f rom the  r e a l  axis .  

The numerical solutions presented i n  f igure  5 a r e  en t i r e ly  consis tent  with 
these l imit ing forms. The nonaxially symmetric disturbances a re  growing waves 
tha t  for  long wavelengths r o t a t e  a t  
basic  flow. 
creases asymptotically and approaches the basic flow angular veloci ty  i n  the  
short-wavelength l i m i t .  
angular veloci ty  occurs ra ther  abruptly a t  dimensionless a x i a l  wave numbers 
between 0 and 1. 
of basic f l o w  angular ve loc i ty  and approach tha t  veloci ty  more gradually w i t h  a n  
increase i n  wave number. The growth r a t e s  themselves generally increasewi th  an 
increase i n  f l u t e  number m a t  a l l  a x i a l  wave numbers. An exception occurs 
fo r  m = 1 near k = 1/2 fo r  the density r a t i o s  10 and 100. This exception 
i s  as ye t  unexplained. As  expected, the l e v e l  of growth rates increases with 
increasing density r a t i o  i n  about the same way t h a t  it did f o r  ax ia l ly  
symmetric disturbances. For large a x i a l  wave numbers, the growth r a t e s  ap- 
proach the 

1 - l/& of the angular ve loc i ty  of the  
A s  the wave number increases, the  angular ve loc i ty  of the  wave in- 

For kink i n s t a b i l i t i e s  ( m  = l), t he  increase i n  wave 

The waves a t  higher f l u t e  numbers r o t a t e  a t  higher f rac t ions  

W i , o  given by equation (33) regardless of f l u t e  number. 

RELEVANCE AND SIGNIFICANCE OF RESULTS TO WHEEL-FLOW REACTOR 

The wheel-flow reactor  ( r e f .  3) consis ts  of ro ta t ing  hot compressible 
gases, where the inner f iss ionable  f l u i d  may be qui te  a b i t  ho t te r  than the 
outer l i g h t  gas p r o p e l k n t .  The interface between these two f lu ids  w i l l  not be 
sharp because of the diffusion of heat  and because of species concentration 
diffusion. The treatment of  such a flow i n  terms of two constant-density 
immiscible f lu ids  i s  su f f i c i en t ly  idealized that only qua l i ta t ive  statements 
may be made t o  r e l a t e  the r e su l t s  of the  present s t a b i l i t y  calculat ions t o  an 
ac tua l  wheel-flow reac tor .  Such qua l i t a t ive  statements are expected t o  have 
some v a l i d i t y  because, as previously s ta ted,  the i n s t a b i l i t y  i s  primarily iner- 
t i a l .  The statements i n  t h i s  sect ion a re  based on the premise that the normal 
mode disturbances with the l a rges t  growth r a t e s  a re  expected t o  be the  most 
troublesome. 

For conceivable molecular weights and temperatures, the per t inent  density 
r a t i o s  a re  i n  the range 10 5 p,/p2 5 100. 

t i v e  difference ex i s t s  between the r e s u l t s  ( f i g s .  5 ( a )  and ( b ) )  i n  this range 
of density r a t io s .  Signif icant  reductions i n  growth r a t e  are obtained only f o r  

L i t t l e  qua l i ta t ive  or even quantita- 
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Although calculated growth rates increase w i t h  increasing a x i a l  wave 
number i n  the present inv isc id  calculations,  the  l a rge  wave-number disturbances 
( sho r t  wavelength) w i l l  be damped by the ac t ion  of v i scos i ty .  
ve r i f i ed  by the  present authors i n  a preliminary calculat ion not presented 
herein.  

This has been 

Accordingly, t he  disturbances most l i k e l y  t o  be amplified a re  those with 
a x i a l  wavelengths la rger  than the  interface radius, a (k < 2 3 ~ ) .  For t h i s  range 
of a x i a l  wave numbers, t h e  growth t i m e s  a re  of t he  order of the period of basic 
flow ro ta t ion  and increase with azimuthal wave number or f l u t e  number. This 
increase indicates  a ra ther  rapid growth of disturbances, w i t h  smaller core 
fragments tending t o  break away most rapidly.  
wavelength disturbances can perhaps by eliminated by choosing the reactor  
length t o  be short ,  of order fla, so t h a t  t he  minimum a x i a l  wave number i s  
k = 1. 

Some of these troublesome long- 

The previous statements should be reexamined with the  a i d  of a l e s s  ideal-  
ized study that might include e f f ec t s  of compressibil i ty and species diffusion. 
The f iss ionable  core would be subs tan t ia l ly  ionized and e l e c t r i c a l l y  conducting. 
This suggests t he  p o s s i b i l i t y  t h a t  addi t ional  s t ab i l i za t ion  might be obtained 
by use of imposed a x i a l  magnetic f i e l d s .  

SUMMARY OF RESULTS 

The s t a b i l i t y  of an incompressible two-fluid wheel flow t o  inf in i tes imal  
inviscid h e l i c a l  disturbances has been considered f o r  the case where the  inner 
f l u i d  i s  heavy and the outer f l u i d  is l i g h t .  The following a re  the  important 
r e s u l t s  : 

1. For large inner- t o  outer-fluid density r a t i o ,  the presence of a physi- 
c a l  boundary outside the l i g h t  f l u i d  has only a very weak e f f ec t  on the s tabi l -  
i t y  charac te r i s t ics .  For the  values of density r a t i o  and outer radius of in -  
t e r e s t  i n  wheel-flow reactors,  the s t a b i l i t y  charac te r i s t ics  a re  e s sen t i a l ly  
those of a configuration where the outer f l u i d  i s  unbounded; t h i s  appl ies  both 
t o  the  ax ia l ly  symmetric disturbances and t o  the  nonaxially symmetric dis turb-  
ances. 

2 .  The ax ia l ly  symmetric disturbances a re  iden t i f i ed  as standing waves 
t h a t  a r e  amplified. 
For density r a t i o s  greater  than about 10, the  r e s u l t s  a r e  not very d i f fe ren t  
from those f o r  i n f i n i t e  density r a t i o .  

The growth rates increase with increasing density r a t i o .  

3. The nonaxially symmetric disturbances a re  he l i ca l ly  propagating waves 
t h a t  a r e  a l s o  amplified. For a given density r a t i o ,  the growth rates increase 
with azimuthal wave number. The magnitude of the  growth r a t e s  var ies  with den- 
s i t y  r a t i o  in  about t he  same way as fo r  a x i a l l y  symmetric disturbances. 

L e w i s  Research Center, 
National Aeronautics and Space Administration, 

Cleveland, Ohio, May 24, 1965. 
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APPENDIX A 

a 

34 

cf 

k 

L 

SYMBOLS 

constants i n  solut ion of d i f f e r e n t i a l  equations 

radius of two-fluid in te r face  

defined by eq. (15) 

defined by eq. ( 1 6 )  

a x i a l  wave number 

reference length 

azimuthal wave number or f l u t e  number 

order of magnitude of x 

pressure 

complex disturbance amplitude 

radius of outer boundary 

r r a d i a l  coordinate 

t time 

U r a d i a l  disturbance veloci ty  

v azimuthal veloci ty  of basic flow, 

V azimuthal disturbance veloci ty  

W a x i a l  disturbance ve loc i ty  

Z a x i a l  coordinate 

4 
A defined by eq. (lo), A2 1 - - 

z2 

e az imu t h a l  coordinate 

V kinematic v iscos i ty  

17 
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5 r a d i a l  displacement of disturbance flow 

3t disturbance pressure 

P dens i ty  

R angular ve loc i ty  of s o l i d  Sody ro t a t ion  

w complex angular disturbance frequency 

w w - m  
N 

Subscripts: 

i imaginary p a r t  

r r e a l  pa r t  

r e f  reference quantity 

1 inner f l u i d  

2 outer f l u i d  

Superscripts: 

dimensional quantity * 
1 di f fe ren t ia t ion  with respect t o  r 

18 



APPENDIX B 

SOWTION FOR LARGE WAVE NUMBM OF DISPERSION RELATION FOR AXIALLY 

SYMMETRIC DISTURBANCES I N  UNBOUNDED CONFIGURATION 

The dispersion r e l a t i o n  per t inent  t o  a x i a l l y  symmetric disturbances i n  the  
unbounded configuration i s  that of equation (23), namely, 

For large values of kA, t he  functions i n  brackets are approximately 

i H c )  (iu) - - I - - + .  1 . . 
2kn 

I + - + .  1 . . Jo( 
-iJ,ciknr= 2kn 

The dispersion r e l a t ion  (23) may be wr i t ten  

where 

Since, i n  t h i s  case, kn is  r e a l  and (u i s  purely imaginary, 

Now from the def in i t ion  of A (eq.  lo), 
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Thus, 

The wave number k is then given by the expression 

kn 
k =  - 
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"IX c 

SOLUTION OF DISPERSION RELATION FOR UNBOUNDED 

CONFIGURATION FOR SMALL WAVX NLTMBER 

The dispersion r e l a t i o n  f o r  the unbounded configuration R 4 co (eq. ( 2 2 ) )  
is  t o  be solved i n  the l i m i t  of small wave number k.  The f i rs t  s t ep  i n  s o  
doing i s  the evaluation of 

and 

f o r  s m a l l  values of the  argument kn. When the appropriate r e l a t ions  are used 
f o r  k A 4  0, 

and 

The dispersion r e l a t i o n  ( 2 2 )  for small kA may be writ ten 

where 

21 



The solut ions of t h i s  dispersion r e l a t i o n  a r e  
N 

U = k 2  

For solut ions (C4) ,  A2 = 0.  These solut ions a r e  re jec ted  since the condi- 
t ions  A,> 0 i s  not s a t i s f i ed ,  namely, t h a t  disturbance amplitudes must decay 
exponentially as the radius becomes i n f i n i t e .  

Solutions ( C 5 )  a re  both acceptable; t h a t  with a pos i t ive  imaginary pa r t  
indicates  growth of the disturbance, while the  other indicates  decay. 
possible, but only the growth solut ion i s  of i n t e r e s t  here since it pe r s i s t s .  

Both a re  
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APPENDIX D 

SOLUTION O F  DISPERSION RELATION FOR UNBOUNDED 

CONFIGURATION I N  LARGE WAVE "BlCR LIMIT 

For l a rge  values of the argument kA, 

1 

and 

Equations ( D l )  and ( D 2 )  a r e  independent of the  f l u t e  number m, t o  the order 
considered, s o  tha t  the dispersion r e l a t ion  (22) may be approximated a s  

-2 M 
Lu - 4 z - - + -  

R R2 

The las t  term i n  ( D 3 )  is of order 
the r i g h t  side of ( D 3 ) ,  and it w i l l  be neglected. 

l / ( k ~ l ) ~  compared with the leading term on 

Equation ( D 3 )  may now be a l t e rna t ive ly  wr i t ten  

2m G3 + G Lu:,o = - 
R2 

2 
where Ui,o represents the grouping of terms 

M 
= R - (4 + 2) 

The r i g h t  s ide of equation (D4) is always of u n i t  order. For l a rge  values 
wi,0), the l e f t  s ide  becomes very large and of 

suggests a solut ion of the form 
M (therefore,  large values of 
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where 

Subst i tut ing (D6a) i n t o  (D4) and keeping only the  leading terms of the expan- 
s ion y ie lds  

which i s  seen t o  s a t i s f y  (D6b) fo r  
the real  p a r t  of z. 

kA>> 1 and i s  the  leading contribution t o  

To obtain the asymptotic form of the wave number k, the quant i ty  A must 
f i r s t  be evaluated. Prom i t s  def ini t ion,  

With the r e s u l t s  (D6a) and ( D 7 ) ,  

and 

4 
2 
i, 0 (u 

When terms a re  kept up t o  order l/~:,~ compared with the leading terms 

N m 
2 2  

w = iwi,o - ' wi ,o  

A=F i, 0 

k =  
o-'zi, 0 

To t h i s  order of approximation, A i s  a real  quantity,  and, therefore,  kn 
i s  r e a l  as well .  
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